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Abstract 

In this note we give a shorter proof of recent regularity results in [Riv07] , 
[RS08) . We differ from the mentioned articles only in using the direct 
method of Helein's moving frame to construct a suitable gauge trans- 
formation. Though this is neither new nor surprising, it enables us to 
describe a proof of regularity using besides the duality of Hardy- and 
BMO-space only elementary arguments of calculus of variations and alge- 
braic identities. Moreover, we remark that in order to prove Hildebrandt's 
conjecture one can avoid the Nash-Moser imbedding theorem. 
There are no new results presented here, nor are there any techniques we 
could claim originality for. 
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1 Introduction 

In the influential article [Riv07| Riviere discovered that Euler equations of con- 
formally invariant variational functionals acting on maps U G W^''^{M,Af) from 
two-dimensional manifolds M into 71-dimensional manifolds M can locally be 
written in the form 

Alt' = r^.fc • Vu'' inSi(O), l<i<n, (1.1) 

where fti^ = G L'^{Bi{0),M.'^) and u e W^^'^(Bi{0),Af) is a local rep- 

resentation of U. Here and in the following we adopt Einstein's summation 
convention, summing over repeated indices. For an overview of the geometric 
problems and the development towards the regularity result finally achieved, 
the interested reader is referred to the detailed introduction in |Riv07j . 
The right hand side of (jl.ip is only in L^, and hence there is no standard the- 
ory in order to conclude better regularity as e.g. continuity of u. Using an 
algebraic feature, namely the antisymmetry of fi, one can construct a gauge 
transformation P G W^'^{Bi{0), SO{n)) which pointwise almost everywhere is 
an orthogonal matrix in R"^" such that 

div{P^kVPk,-PS,nkiPij)^0 inBi(O), l<i,j<n. (1.2) 
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Statements on matrices like the last one will often be abbreviated by omitting 
matrix indices. That is, instead of (|1.2p we will write 

div(P^VP - P'^nP) = in Bi{0). (1.3) 

Then, by solving an extra system of PDEs Riviere finds an invertible matrix 
A e W^'^ n L°°{Bi{0),GL{n)) such that 

div{\7A- Afl) = inBi(O). (1.4) 

Using this, p.ip transforms into 

div(AVw) = (VA - An) ■ Vu in Bi{0). 

By |Mul90j . |CLMS93| the right hand side hes in the Hardy -space Ti. This is 
a strict subspace of featuring a good behavior when being convoluted with 
Calderon-Zygmund kernels, implying continuity of u. (A great source on this is 
e.g. |Ste93j . for an overview with a focus on PDE one might also want to look 
into |Sem94| ). The way of constructing A seems to be purely two-dimensional, 
as it crucially relies on L°°-bounds of Wente's inequality (for the statement see 
[RivOTi Lemma A.l], for proofs see [Wen69j . (Tar84. Chapter II], |BC84[ Lemma 

A.l] or |Hein21 Chapter 3]). 

Adapting this idea in its spirit to higher dimensions, in [RS08| it is shown how 
to prove regularity without having to construct A but working with P instead. 
In order to construct P, in |Riv07| a beautiful yet a bit involved technique from 
Uhlenbeck's [Uhl82' is applied, which relies on a continuity argument and the 
implicit function theorem. 

The purpose of this note is to remark the easy connection between the moving 
frame method Hclcin developed in the 90's ( |Hel91j . see also [Hel02' and the 
appendix of [Cho95 ) and Riviere's construction of the Coulomb gauge P. This 
implies a very easy proof for |Riv07[ Lemma A. 3] which just consists of setting 
P to be the minimizer of the following energy integral very well known from the 
moving frame technique 

EiQ):= J \Q^VQ~Q^nQ\\ Q e W'-^iBi{0), SO{n)). (1.5) 

Bi(0) 

Here, W^-^{Bi{0), SO{n)) are aU those functions Q e W^'^{Bi{0),R'''''') such 
that Q{x) is an orthogonal matrix with detQ{x) > almost everywhere in 
Bi{0). Neither is there any theory of Hardy and BMO spaces necessary, nor 
do we use an approximation of Q or some kind of smallness conditions on Q, 
all of which is needed in the proof of [Riv07|, Lemma A. 3]. Furthermore, all 
the estimates on VP as in |Riv07[ Lemma A. 3] follow in a trivial way. Let us 
stress that as well smallness as also the duality of Hardy- and BMO-space is 
still needed in the proof of regularity later on, just not at this stage. 
From this, one gets regularity of solutions to (|l.ip just by applying a Dirichlet 
growth estimate for small exponents to 

div(P^Vu) = (P^VP - P^nP)P^Vu. (1.6) 

The latter was done in |RS08| . Although the Dirichlet growth approach cannot 
be applied without the fundamental fact that by (|1.3p the quantity (P-^VP — 
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P'^nP)\/u lies in the Hardy space (cf. [CLMS93] ). one can pinpoint the use of 
this information to exactly one inequality which can be proved in an elementary 
way bypassing Hardy-BMO theory (cf. [ChaQlj . \GL92\, [HSZ] ). 
All in all, constructing P by minimizing (jl.Sp as in [Hel91| . and then using 
the Dirichlet growth theorem as in [RS08] one gets a simplified proof of [RivO?) 
Theorem I.l]. Interestingly, this simplification can be applied as well to the case 
of dimensions greater than two: In order to prove |RS08[ Theorem 1.1] one does 
not need to prove that P belongs to some Morrey-space. The L^-estimates on 
the gradient of P resulting from minimizing (|1.5p are sufficient. 

As comparison, let us shortly remind the reader of some steps of the mov- 
ing frame technique - for more details the reader is referred to |Hel02| as well 
as the appendix of |Cho95| : Let v S W^^'^(i?i(0), A/") weakly satisfy 

Av±TyJ\f inBi(O), (1.7) 

where TV is an n-dimensional compact manifold which is isometrically embed- 
ded in IR-'^. Thus, orthogonality means orthogonality in the sense of the Eu- 
clidean metric in M^. Assume furthermore that there is some moving frame on 
(TV, TTV): That is, there are smooth tangent vectors : TV — > TTV, 1 < i < n, 
such that at any point y G Af the ei{y) build an orthonormal basis of the 
tangential space Tj^TV. It is then not too difficult to see, that by (|1.7p 

div((ei(w), Vw)) = (e,;(u), Vefc(w)) (efc(w), Vw), 1 < i < n. 

The scalar product (•,•) denotes the Euclidean scalar product in R^, that is 
{ei{v),Vv) := J2a=i^i(^)^^"'- Setting Qij {ei,Vej) one observes the simi- 
larity with (jl.ip - instead of Vm* in (jl.ip . here we have {ei{v),\/v) . But from 
the point of view of growth estimates regarding Vw this is not a big difference: 
Pointwise a.e. one can compare the size of {{ei{v), Vw))"^]^ to the size of Vu. 
The next step is to transform this moving frame (e^ o v)f^i into one that 
is more suitable for our equation, namely we seek fi = P^ o v, where 
P e W^'^{Bi{0), SO{n)) is almost everywhere an orthogonal matrix in M"^", 
such that 

= div((/„ V/,)) = dW{P^,\/P,k + P^Mv), Vei{v))P,i). 

Again, one should compare the latter expression to p.3|) with flij replaced by 
(e,;(u), Vej(t')). The point is, the moving frame technique and Riviere's ap- 
proach in |Riv07] are very similar. The crucial additional ingredient in the 
latter is that one does not need to construct a moving frame (e^)"^]^ in order to 
get an antisymmetric structure on the right hand side of certain Euler-Lagrange 
equations. In fact, this structure can be observed even in cases where one does 
not know how to get a moving frame like {ei)f^i to start with. 

Let us stress that in the original regularity proof in [Riv07] which from the 
gauge transformation P constructs the somewhat more elegant transformation 
A satisfying ()1.4p . the main focus lies on the construction of good conservation 
laws for equations like ()l.ip . That way one e.g. can avoid a Dirichlet Growth 
estimate below the natural exponent. Moreover, convergence issues become eas- 
ier - once the preliminary work of constructing P and then A is done. 
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The connection between the techniques of minimizing the energy as in (jl.5p and 
the construction of a Coulomb gauge by methods of Uhlenbeck is not new. In 
fact, in [Wan05| in order to construct a moving frame for n-harmonic maps Uh- 
lenbeck's approach is used. This is necessary because it is not clear how to obtain 
TV "'^ '"-estimates of the transformation P resulting from the W^^'^-minimization 

The structure of this note is as follows: In Section [5] we will state the con- 
struction of P to solve ()1.3p by minimizing p.Sp . Section [3] contains a remark 
on how to avoid Nash-Moser's isometric imbedding theorem in order to prove 
Hildebrandt's conjecture. Finally, in the appendix we will sketch how to derive 
regularity from systems like (|1.6p given that p.3p is satisfied. There we also 
remark, that the L^-estimates resulting from minimizing Ijl.Sp are enough to 
prove partial regularity in dimensions to > 2 as in [RS08| . 

As for our notation, for a matrix or tensor A we will denote \A\ to be the 
Hilbert-Schmidt-norm of this quantity. 

Mappings like the solution u of p.ip will usually map the unit ball -Bi(O) C M™ 
into the n-dimensional target manifold Af C or simply into M". Most of the 
time, instead of the Ball Bi{0) one could use other kinds of sets to obtain the 
same results. 

By V = [di,d2, ■ ■ ■ , dm]'^ we denote the gradient. If m = 2 the formally orthog- 
onal gradient will be denoted by — [—92, di]'^ . 

The special orthogonal group in R"^" is denoted by SO{n); so{n) are all those 
matrices (^ij)y G E"^" such that Aij — —Aji. 

Many times, our constants depend on the dimensions involved. Further depen- 
dencies are usually clarified by a subscript. That is, a constant Cp may depend 
on the dimensions as well as on p. Without further notice constants denoted by 
C may change from line to line. 

Acknowledgement. It is a pleasure to thank Pawel Strzelecki for motivating 
the author to write this note down and for his and the University of Warsaw's 
hospitality. 



2 Direct Construction of Coulomb- Gauge 

In this section we prove, by elementary methods, the following theorem: 

Theorem 2.1. ffHeWlf . \Cho95[ Lemma A.4, A. 5]; \HelOSX Chapter 4] ; fUhl82[ 
Lemma 2.7], lRiv07\ Lemma A. 3]) 

Let D C he a smoothly bounded domain, flij G L^(£',M™), flij — — ilji. 
Then there exists P G W^'^{D, SO{n)) such that 

div(P^VP - P^nP) = mD, 

and 

WVPh^^D) + lli^^vp - p^np\\L2^D) < 3\\n\\L2^D) 

holds. 
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There are mainly two approaches. A more general but involved method is 
due to Uhlenbeck in [Uhl821 Lemma 2.7]; for the version needed here one best 
consults |Riv07i Lemma A. 3]. In |MS09| this technique is also explained in some 
detail. The advantage of this version is that it works in similar ways in higher 
dimensions and for different integrability exponents. In |MR03] . |RS08| there is 
a Morrey-space version of it. The disadvantage is that it is technically involved, 
highly indirect - it is based on the implicit function theorem and a continuity 
argument - and needs already the theory of Hardy spaces in form of the duality 
between Hardy-space and BMO in order to derive the estimates on VP. 
The proof of Theorem 12.11 which we like to present here, follows from the next 
two lemmata which use only standard calculus of variation and a bit of Linear 
Algebra. 

Lemma 2.2. (cf. \Cho95f . Lemma A. 4) 

Let D C M™ he a hounded domain. For any Qij G L^(Z3,M™), I < i,j < n, 
there exists P G W^'^{D, SO{n)) minimizing the variational functional 

E{Q)^ j \Q^VQ-Q^nQ\^, Q eW^'^{D,SO{n)). 

D 

Furthermore, || VP||i2(£)') < 2||f2||i2(£)') . 

Remark 2.3. Of course, this Lemma holds as well, if one takes 'Dirichlet'- 
boundary data, that is, if one assumes Q- I e Wo'{D,R"''"), where L is the 
n-dimensional identity matrix. 

Lemma 2.4. (cf. \Cho95[ Lemma A. 5]) 
Critical points P G W^^'^iD, SO{n)) of 

E{Q)^ J \Q^\7Q-Q^nQ\\ Q €W^'^{D,SOin)), 

D 

satisfy 

AiY{PlVPkj - Pl^uPij) =0, 1 < ^, J < n, 
provided that flij G L^(Z?,M™) and flij = for any 1 < i, j < n. 

Proof of Lemma \2.2\ The function Q = I := {Sij)ij is clearly admissible. Thus, 
there exists a minimizing sequence Qk G W^'^{D, SO{n)) such that 

E{Qk)<E{I) = Ml,, ken. 

By a.e. orthogonality of Qk{x) G SO{n) we know that Qk{x) is bounded and 

iVQfel = Vg^l < \QlVQk - QlnQk\ + \n\ a.e. in D; 

thus 

livgfciii.(^) < 2{E{Qk) + Ml^^D)) < mWhiD)- 

Up to choosing a subsequence, we can assume that Qk converges weakly in W^'^ 
to P G VF^'^(_D,R™^™). At the same time it shall converge strongly in i^, and 
pointwise almost everywhere. The latter implies P^P = limfc^oo Qj^Qk ~ I, 
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and det(P) = 1, that is P G SO{n) almost everywhere. 
Denoting fl^ := P'^VP - P'^ftP we obtain 

Ql^Qk - Ql^Qk = (P^QkfViP^Qk) + {P^Qkfn''{P^Qk), 
and consequently 

\QlVQk - QlnQkl'' = |V(P^gfc) + r!^P^Qfcf 

= |v(p^gfc)|' + 2{v{p^Qk),n''P^Qk) + In^'l^ 

where in this case (•, •) is just the Hilbcrt-Schmidt scalar product for matrices. 
This implies 

E{Qk) = I \V{P^Qk)\^ + 2{V{P^Qk),n''P^Qk)+E{P) 

D 

> J |V(P^Qfe)|' + 2 J {V{P^Qk),n''P^Qk)+miE{Q). 

D D 

The middle part of the right hand side converges to zero as fc ^ c». To see this, 
one can check that n^P'^Qk converges to almost everywhere. Lebesgue's 
dominated convergence theorem implies strong convergence in . On the other 
hand, V{P'^Qk) converges to zero weakly in L^. 

Hence, using E{Qk) ''^°°> miq E[Q), we have strong W^^'^-convergence of 
P^Qk to /: Thus, Qk converges strongly to P, which readily implies mini- 
mality of P. 

□ 

Proof of Lemma \2.4\ Let P be a critical point of E{Q). A valid perturbation 
Pg is the following 

— Pe"'^" = P + e^Pa + o(e) G W^-^{D, SO{n)) 

for any </? G C°°{D), a G so{n) and e ^ 0. This uses the simple algebraic 
fact that the exponential function applied to a skew-symmetric matrix is an 
orthogonal matrix; or from the point of view of geometry, that the space of 
skew-symmetric matrices is the tangential space to the manifold SO{n) C R"^" 
at the identity matrix. Then, 

Pj==P^-e^aP^-|-o(e), 

VPe = VP + eipVP a + eVip Pa + o(e). 
Thus, denoting again := P'^VP - P'^VtP G so{n) ® R", we obtain 

Q.^' =VL^ + eifiin^a - afl^) + eV(pa + o(e). 

The matrix n^a — afl^ is symmetric by antisymmetry of il^ and a which yields 

■ (il^a — afl^)ij — pointwise almost everywhere. 

i,3 
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It follows that, 



= \^^\ +2e{n^)^Ja^jVlp + o{e), 



which readily implies 



de 



E=0 



E{P,) = j {n%ja,j ■ Vip. 



This is true for any G C°°{D) and a £ so{n). Setting for arbitrary 1 < s, t < n 
our Uij :— 5f5j — SjSj, we arrive at 

div{n^)st =0 in D, l<s,t<n. 

□ 

Remark 2.5. The disadvantage of this method is the fact that we do not know 
of a short and direct way to get better estimates on P than the ones obtained 
here. That is, it does not seem to be clear that fl £ yields P £ W^'^ . On 
the other hand, this technique can be easily adapted to e.g. the case of different 
measures instead of the Lebesgue measure. 

Interestingly, the knowledge that ||VP||i2 < C \\^\\]^2 is sufficient also for partial 
regularity in dimensions m > 2. We will observe this in the appendix by a tiny 
modification of the proof in \RS08f . 



3 Hildebrandt's conjecture 

In this section we sketch a proof of Hildebrandt's conjecture |Hil82] . |Hil83| 
stating that critical points of conformally invariant variational functionals on 
maps V € W'^''^{D,M.'^) where D C are continuous: We construct from 
Griiter's [Grii84j characterization directly a Riviere-type system - avoiding the 
Nash-Moser-embedding theorem as in e.g. |Cho95| and |Riv07[ Theorem 1.2]. 
As explained for example in |Hel021 Section 1.2], the Nash-Moser-theorem is 
used to avoid the appearance of terms involving Christoffel-symbols in the Euler- 
Lagrange equations of harmonic maps or - more generally - conformally invariant 
variational functionals: Let Z? C be an open set. For v g M^^'^(Z),M") we 
define the functional 

^(,).^.(..)^/f(.«.v.W).., 

D 

where F : R" x R^" ^ R is of class with respect to the first entry and of 
class with respect to the second entry. The functional is called conformally 
invariant if 

for every smooth v : D M" and every smooth conformal diffeomorphism 
(j) : D' ^ D . Suppose T is conformally invariant and that for some A > 

ybl^ < F{v,p) < A|p|^ for all v £ W\ p £ R^". 
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Then, by |Gru84[ Theorem 1], there exists a positive, symmetric matrix (gij) 
and a skew symmetric matrix (bij) such that 

F{v,p) = g^j(v)p' •/ + b,j{v)det{p\p>), 

and hence 

J^{v) = [ gij{v)yv' ■ Vv'' + b,j{v)yv' ■ V^v^ . 



Recall that — i~dy, dx)^ ■ Let us interpret {gij)2j=i as a metric of the 
target space R". As in |Grii84|, (2.7)] Euler-Lagrange-equation could then be 
written as 

2Av' + TlMVu'' ■ W = g''{dibjk + d.bui + dkbi,}{u) Vu'' ■ V^u\ (3.1) 
where 

Tfe; = 9''{digjk - djgki + dugim} 

are the ChristofFel symbols corresponding to the metric {gij)- Here, we have 
denoted the inverse of {gij) by (g'^). Let 

^jk {dibjk + djbki + dkbij}{u) V^v} 

which is antisymmetric. Equation (13. 1|) then reads as 

2Au^ + Tli{u)Vu^ ■ Vu' = g'^{u) ■ Vu*^. (3.2) 

At first glance, ()3.2p does not seem to fit into the setting of (jl.l|) because in 
general {gij) is not the standard Euclidean metric on R". 

The Nash-Moser-Theorem (cf. |Nas56j . jKui55| . |Gun91| . [Ham82| ) solves this 
problem: It states that there is a manifold A/" C R^, TV > n, and a C^- 
diffeomorphism T mapping (R" , gij ) isometrically into (TV, Cy ) where Cy is the 
induced R^-metric on J\f. That is, T : (R", g^) M and 

{dTx (^^j ,dTx (^))k« = 9^Ax), \<i,]<n. (3.3) 

Here, (gfT)"_j^ denotes the standard euclidean basis in R". Using this isometric 

diffeomorphism T, we introduce an adapted functional J- defined on mappings 
V G W^''^{D,J\f) of which T{u) is a critical point. Looking at the Euler-Lagrange 
equations of this new J-", the fact that the metric on TV is induced by the sur- 
rounding space will imply trivial Christoffel- symbols. On the other hand, 
the additional side-condition v{x) G Af a.e. will bring up a term involving the 
second fundamental form of the embedding TV C R^. This new term can be 
rewritten into the form of the right hand side of (jl.ip as was observed in [Riv07| . 
In fact, setting 

we obtain 



T{v) = J \VT{v)\l, + J2 Jbab{Tv)VT-{v) ■ V^T''{v). 

D a,fc=l£, 
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Consequently, u is a critical point of J- if and only if T(u) is a critical point of 

a, 6—1 

One checks that b is antisymmetric. Hence, assuming that the second funda- 
mental form of the embedding JV C is bounded, one can proceed as in 
jRiv07[ Theorem 1.2] to see that the Euler-Lagrange equation of is a system 
of type p.ip . Thus, regularity of T{u), u is implied. 

The proof of the Nash-Moser embedding is quite involved. However, it can 
be avoided easily by the following approach: A critical point u £ W^''^{D,M.") 
of JF weakly satisfies p.ip or equivalently for 1 < j < n 



= div(26j7c(M)V^M'=) - {djbki){u)'^v!' ■ V^uK 



(3.4) 



By algebraic calculations one constructs vector functions : M" M", 1 < 
iij ^ TT-i such that pointwise 

(ej,ej)K- = (3.5) 

In order to construct T as in p.3p one would be tempted to integrate, that is, 
to set 

and therefore one would need satisfying (|3.5p and 

djCi — diCj — 0, I < i, j < n. (3-6) 

One observes now that the latter quantity is a skew symmetric one. That is, the 
error one would make in (|3.4p assuming (|3.6p to hold is not a bad one - it fits 
into the setting of Riviere's system (jl.ip . In fact, the following lemma holds, 
which by the techniques of [RS08| . see also the appendix. Remark [A. 4i implies 
regularity. 

Lemma 3.1. Let u e W^''^{D .W") he a weak solution of 

- diy{2g,k{u)Vu'') + {d,gki){u)Vu'' ■ Vu' = Q^k ■ + V-^fe^feVw^ (3.7) 

Assume that g,g^^ G W^'°°{K" ,GL{n)) are symmetric and positive definite, 
bjk e W^^'^iD), = -nj, e L'^{D,R^). 

Then there are A £ W^-'^ D L°°{D,GL{m,)), il.j = - fl^,, e L'^{D,R'^) such that 
div(yl,fcVM'') = n,k ■ Afc;Vw' + V-^b,k ■ Vw^ 

Sketch of the proof. By easy algebraic transformations using symmetry and pos- 
itive definiteness of g one can choose G H/i'°°(]R"', R") such that 

{e^{x),ej{x))n = g^J{x), X £ R" , l<i,j<n. (3.8) 
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The Aia from the claim will be ef o u. Let us abbreviate as follows 

r :=^afcVzi'= = e^(M)Vu^ (3.9) 

which is equivalent to 

W ^g^'^iu) eliu) (3.10) 
Let (fi be any admissible testfunction. The first term on the Icfthand side of 

(EH) 

On the other hand, the second term of p.7p 



// := digki{u) Vu^ ■ Vu' (f^ 

^ 2{d^el){u) e^(w) Vu^ ■ Wu^ ip' 
= 2{dke''i){u) efiu) Vu'' ■ Vu^ 

+2{d^el - dke^){u) ef (m) Vu'^' • Vu' 
=: Ih+Ih. 



One computes 
and thus 



I + Ih=2C-yiet{u)^'). 
For arbitrary e (7,5" (DjR") one sets 

:=.9^^(u) (e,(u),^)„ (3.11) 

which is an admissible testfunction. One checks that 

{(f - ej{u) ip^ ,esiu))n^ 0, l<s<n. 

Pointwise in R" the vectors £ R", 1 < « < n, are linearly independent, which 
implies ip = ej(u) (p^ almost everywhere. Then 

I + Ih= 2C ■ V(p°-. 

Rewriting the quantity II2 in terms of ^" and (p yields 

Ih = 2{d,el - due'i){u) C ■ d'^iu) e\{u) ^ g^\u) el{u) (p^ 
= : 2L^b, C'^', 

where u)hc = [dief. —dke1){u) • g^'^{u) e''g{u) g^*{u) e1{u) is antisymmetric and 
in L\ 

For the right hand side of p.7p one observes just by plugging in (|3.1ip and 
and flac '■— ^ik g'^^u) ei{u) g^^{u)e1{u) is antisymmetric and in L^. □ 
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A Appendix: Application of Dirichlet Growth 
Theorem 



In this section we will sketch how to apply the Dirichlet Growth Theorem (cf. 
[Mor66|, Theorem 3.5.2]) in order to derive regularity for solutions of (jl.ip . 
given the existence of P as in the proof of Theorem 12.11 A detailed proof can 
be found in [RSOSj . As a slight modification, we will remark on how to avoid 
Morrey-space estimates on the gradient of the gauge-transformation P. Those 
Morrey-space estimates can be obtained via the Uhlenbeck- Approach, but it is 
not obvious how to get them by a method as in Theorem 12.11 We will show 
that the L^-estimates of Theorem 12. II are sufficient. 

We will use one non-elementary technique, namely the duality between Hardy- 
space and BMO. But in fact we need only a special case. For p e (1, oo) set 

Mp{y,g;f) -.^ sup Jp{x,p;f). 

Bp{x)CB,{y) 

Lemma A.l (Hardy-BMO-Inequality). For any p > 1, there is a uniform 
constant Cm,p such that the following holds: 

For any ball B = Bg{y) C M™, 2B ~ B2g{y) the ball with same center and twice 
the radius, a G W^'^{2B), T £ L^{B,W'^), divT = m B, c £ Wg'^ ni°°(B) 



J (Va • r) c 

B 



whenever the right hand side is finite. 

For a proof one can use Hardy-space theory, (cf. |CLMS93] [Theorem II. 1], 
[F5721 Chapter II. 2], [5te93l Chapter IV, §1.2]), but in this special case the 
proof is easier (cf. [ChaQlj . [CL92j . [HSZ] ). 



Theorem A.2 ( [RS08( Theorem 1.1]). There is e = e(m) e (0, 1) such that the 
following holds: 

Let D C be open and u £ W''-'^{D,K") be a solution of 



Alt' = n,k ■ Vu'' in D, 1 <i<n 



such that 



and 



1 



B^{x)GD ^ J 

B^x) 



1 



sup I |Vw|'<oo. (A.2) 

Br(x)cD ^ J 

BA'-c) 

Ifn.j = e L^{D,R"^) then u £ C^'°'{D,W) for some a £ (0, 1). 
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Sketch of the proof. Most parts of the following are a copy of the proof in IRS08[ 
Theorem 1.1]. 

Let z G D, < r < R < i dist(z, Apply Theorem O on Br{z): There 

exists P e W^ '^{Br{z), SO{n)) such that 

div(f7^) = div(P^VP - P'^flP) = weakly in Br{z), (A.3) 

with the estimate 

\\^P\\mB,M) + ||f^^||L^(B«(.)) < 3||C!|U2(B,(.)). (A.4) 

We have weakly 

div(F'^Vw) = ■ P'^Vu in Br{z). (A.5) 
Use Hodge decomposition to find / e W^J M"), 5 £ Wq'^{Br{z), A^W), 

(A.6) 



e C°°(Bfl(z),M" such that 

P^Vm = V/ + Curl 5 + h a.e. in Br{z), 



' Af = diy{P^Vu) ^ QP ■ P^Vu in Br{z), 
f = ondBniz) 

fA,g = curl(P'^Vu) in Br{z), 



(A.7) 



.9 = 



on dBR{z), 



{div h = in Br{z), 
curl/i = in Br{z). 

For more on Hodge-decompositions we refer to [IMP 11 Corollary 10.5.1]. Fix 



1 < p < 



One estimates 



|Vu|' 



< a, 



/ 



H+ J iv/r+ y ivgr 

\b"{z) Bn{z) Br{z) 

By harmonicity we have (cf. [Gia83[ Theorem 2.1, p. 78]) 



\hr<c,Q j \hf. 

Br-iz) Bn(z) 



Consequently, again by (|A.6p 

/ 

B,.(z) 



\ Br{z) J 



(A.8) 
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In order to estimate /b^(2) I'^ff note that since / = on dBji{z), by duality 
I|V/|Up(b,(,)) < Cj, sup / V/-V^. (A.9) 

^=ecg°(f3„(^)) J 

Here, g = denotes the Holder-conjugate exponent of p. If ||<y3||vFi '!(Bn(z)) < 
1 one calculates 

M\L^iB„iz))<Cp R'+f-"', \\V^\\L2^Bs,Xz))<CpRf-^. (A.IO) 

Note that the i°°-bomid holds only as q > m by choice of p. In particular, the 
constant Cp blows up as p approaches from below. 
Recall our notation 



Mp{y,g):= sup Jp{x,p). 

Bp{x)CB,{y) 



By dMl), 



V/ • V(y3 = J -P' VU (p. 

Br{z) Br{z) 

As of (jA.3p Lemma [A. II can be applied to this quantity by choosing c = P'ki'^^: 
a = ,V = for any 1 < i, k,l < n. Then (jA.9[) is further estimated by 

I|V/||lp(b„(2)) 

< ||r!^|U2(s«(,)) (|lvp|U2(B,(.))||¥'IU- + llv^lUO (A^p(^,2i?))^ 

< Cp \ML2^B,iz)) (||r!||L^(B„(.)) II^IU^ + IIV^IU^) {Mp{z,2R))^ 



< Cp e Rf^'^ {Mp{z,2R)y . 

Note again that the constant Cp blows up as p approaches h'om be- 

low. The last step is the only qualitative albeit tiny difference to the proof 
in |RS08| : Instead of using an a-priori estimate on sup^ / |VP|^ and 

Br 

supr ^^^2 / , we use the domain- independent estimate (jA.4|) of the L^- 

Br 

Norm of VP and fl^ , respectively. By a similar argument 

I|V.9|Up(b„(.)) < Cp e Rf-^ {Mp{z,2R)y . 
Plugging these estimates into (|A.8|) we arrive at 

j \yuf<Cp (^)™ j \Vuf + Cp e R'-'^^P Mp{z,2R). 

BAz) Bn(z) 
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The right hand side of this estimate is finite by (|A.2p . We divide by r™ p to 
get 



Hence, 




,2R). 



Choose 7 £ (0, 5) such that Cp-f^ < j and set e :— 7™. Then for r :— jR we 
have shown 

Jp{z,lR) < 2 Mp{z,2R). 

This is vahd for any i? > 0, z e _D such that B2r{z) C D. For arbitrary 
p e (0, 1), y e D, B2p{y) C D this imphes 

Jp{z,jR) < i Mp{y,p) whenever B2r{z) C Bp(?/), 

that is 

7 1 

This gives Holder-continuity as claimed. 

□ 

Remark A. 3. With the presented techniques one can prove slight generaliza- 
tions of this. For example, in order to prove regularity for systems of the type 

one would minimize 

E{P) - j {PldcPk, - Pl^tiPi,) {PldpPk, - Pl^liPi,)- 

D 

Remark A. 4. Slightly modifying this approach, one also can check the follow- 
ing: Let f := A.fcVw*^, A e W^'^ n L°°{D,W), and u G W^^'^{D,W^) satisfy 
(|A.2[) . Assume that is a solution of a system like 

div(f ) = -S!" in D, l<i<n. 

This implies better regularity of u, if (|A.ip holds for 51 and A and under the 
additional condition that there is a uniform constant A > such that 

-^ICI < |Vu| < A|^| a.e. m D. 

The last condition is used to switch in growth estimates like (jA.SP between |^| 
and I Vu| . 



14 



References 



[BC84] H. Brezis and J.-M. Coron. Multiple solutions of -ff-systems and 
Rellich's conjecture. Comm. Pure Appl. Math., 37(2): 149-187, 1984. 

[Cha91] S. Chanillo. Sobolev inequalities involving divergence free maps. 
Comm. PaHial Differential Equations, 16(12):1969-1994, 1991. 

[Cho95] P. Chonc. A regularity result for critical points of conformally in- 
variant fimctionals. Potential Anal., 4: 269-296, 1995. 

[CL92] S. Chanillo and Y.Y. Li. Continuity of solutions of uniformly elliptic 
equations in R^. Manuscripta Math., 77(4):415-433, 1992. 

[CLMS93] R. Coifman, P.-L. Lions, Y. Meyer, and S. Semmes. Compensated 
compactness and Hardy spaces. J. Math. Pures Appl., IX. Ser., 
72(3): 247-286, 1993. 

[FS72] C. Fefferman and E. M. Stein. spaces of several variables. Acta 
Math., 129(3-4): 137-193, 1972. 

[Gia83] M. Giaquinta. Multiple integrals in the calculus of variations and 
nonlinear elliptic systems, volume 105 of Annals of Mathematics 
Studies. Princeton University Press, Princeton, NJ, 1983. 

[Grii84] M. Griiter. Conformally invariant variational integrals and the re- 
movability of isolated singularities. Manuscr. Math., 47(1-3): 85-104, 
1984. 

[Giin91] M. Giinther. Isometric embeddings of Riemannian manifolds. In 
Proceedings of the International Congress of Mathematicians, Vol. I, 
II (Kyoto, 1990), pages 1137-1143, Tokyo, 1991. Math. Soc. Japan. 

[Ham82] R. S. Hamilton. The inverse function theorem of Nash and Moser. 
Bull. Amer. Math. Soc. (N.S.), 7(l):65-222, 1982. 

[Hel91] F. Helein. Regularite des applications faiblement harmoniques entre 
une surface et une variete riemannienne. CR. Acad. Sci. Paris 312, 
Serie I, pages 591-596, 1991. 

[Hel02] F. Helein. Harmonic maps, conservation laws and moving frames. 

Cambridge Tracts in Mathematics 150, Cambridge University Press, 
2002. 

[Hil82] S. Hildebrandt. Nonlinear elliptic systems and harmonic mappings. 

Proceedings of the 1980 Beijing Symposium on Differential Geometry 
and Differential Equations, Vol. 1,2,3, Beijing, Science Press, pages 
481-615, 1982. 

[Hil83] S. Hildebrandt. Quasilinear elliptic systems in diagonal form. 

Systems of nonlinear partial differential equations ( Oxford, 1982), 
NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., Ill, Reidel, Dor- 
drecht, pages 173-217, 1983. 

[HSZ] P. Hajlasz, P. Strzelecki, and X. Zhong. in preparation. 



15 



[IMOl] T. Iwaniec and G. Martin. Geometric Function Theory and Non- 
linear Analysis. Oxford University Press, Clarendon, 2001. 

[Kui55] Nicolaas H. Kuipcr. On C-'^-isomctric imbcddings. I, II. Nederl. Akad. 

Wetensch. Proc. Ser. A. 58 = Indag. Math., 17:545-556, 683-689, 
1955. 

[Mor66] C. B. Morrey, Jr. Multiple integrals in the calculus of variations. 

Die Grundlehren der mathematischen Wissenschaften 130. Springer- 
Verlag, Berlin-Heidelberg-New York, 1966. 

[MR03] Y. Meyer and T. Riviere. A partial regularity result for a class of 
stationary Yang-Mills fields in high dimension. Rev. Mat. Iberoamer- 
icana, 19(1):195-219, 2003. 

[MS09] F. Miiller and A. Schikorra. Boundary regularity via Uhlenbeck- 
Riviere decomposition (to appear). Analysis, 29, 2009. 

[Miil90] S. Miiller. Higher integrability of determinants and weak convergence 
in L^. J. Reine Angew. Math., 412: 20-34, 1990. 

[Nas56] J. Nash. The imbedding problem for Riemannian manifolds. Ann. 

of Math. (2), 63:20-63, 1956. 

[Riv07] T. Riviere. Conservation laws for conformally invariant variational 
problems. Invent. Math., 168(1): 1-22, 2007. 

[RS08] T. Riviere and M. Struwe. Partial regularity for harmonic maps and 
related problems. Comm. Pure Appl. Math., 61(4): 451-463, 2008. 

[Sem94] S. Semmes. A primer on Hardy spaces, and some remarks on a 
theorem of Evans and Miiller. Commun. Partial Differ. Equations, 
19(1-2): 277-319, 1994. 

[Ste93] E. M. Stein. Harmonic analysis: Real-variable methods, orthogo- 
nality, and oscillatory integrals. With the assistance of Timothy S. 
Murphy, volume 43 of Princeton Mathematical Series. Princeton 
University Press, Princeton, NJ, 1993. 

[Tar84] L. Tartar. Remarks on Oscillations and Stokes' Equation. Lecture 
Notes in Physics, 230, macroscopic Modelling of Turbulent Flows, 
Proceedings, Sophia- Antipolis, France, pages 24-31, 1984. 

[Uhl82] K. K. Uhlenbeck. Connections with L'p bounds on curvature. Com- 
mun. Math. Phys., 83(1): 31-42, 1982. 

[Wan05] C. Wang. A compactness theorem of n-harmonic maps. Ann. Inst. 
H. Poincare Anal. Nan Lineaire, 22(4):509 519, 2005. 

[Wen69] H. C. Wente. An existence theorem for surfaces of constant mean 
curvature. J. Math. Anal. Appl., 26: 318-344, 1969. 



16 



Armin Schikorra 

RWTH Aachen University 
Institut fiir Mathematik 
Templergraben 55 
52062 Aachen 
Germany 

email: schikorra@instmath.rwth-aachen.de 



17 



